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Existence of Connections

Say that a bundle is described by

E =V % B/ {gas)

Here are two ways to construct a connection on E. Both methods use connections, D, defined on E|U,,
the local trivializations ¢, : F|Uy — Uy x R™ and a partition of unity, {pe} subordinate to the cover {U,}.

The two connections are defined by
(a) Dy = Za Dy o po
(b) D, = Za PaDa

Note. D, was defined on E|U, by:
(a) Picking a connection, Dy on Uy, x R™.

(b) Setting Do = 13" 0 Dy 0 g, i€, Da(s) = Y7 (Da(tals)))

FEzercise 1. Show that this is a connection.

In fact, given a bundle isomorphism, h : £ — F and a connection DD on F'| we define a connection, h*D,

on Eby h*D=h"1oDoh.

In the definition of Ds, the terms in the sum are of the form

pa(b)Dja(s)(b) b e Uy

0 otherwise

@@mm@:m@m@@z{

Exercise 2. Check that Ds does define a connection.

We now examine the connection, D;. We define

(Da 0 pa)(s) = Dalp - afs))
=dpa @ s+ paDals)
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Using this, we see that
D1(s) = Da(s) + deoz @ s

[Note that off of U,, dp, = 0 since the support of p, is in Uy ]
FEzercise 3. Show that Dq defines a connection.
The diffrerence between Dy and D 1s instructive.

Note. D1 — Dy is a End(F) valued 1-form. In fact
(Dy = Da)=> dpa®1d

i.e, for any s € Q°(F) (Z dpe @ 1d)(s) = Z dpe © s

This illustrates a general fact.
Proposition. If Dy and D> are connections on a vector bundle, 7 : E — B, then
Dy — Dy € Q%B,T*B ® End(E))
= QY B, End(E))

Proof: We check:
(a) This is linear with respect to constants.
(b) This is also linear with repsect to functions:

(D1 = D2)(fs) = (df @ s+ fD1(s)) — (df @ s + fDa(s))
= f(D1 = D3)(s)

Note. With respect to local frames of E, say {ef}52*k B locally a section of T*M @ End(E) is a matrix of
1-forms, A%. Over U,, A% and A” must be related by the transition functions,

A = ga3A%gga
If (D1 — D3)(fs) = f(D1 — D2)(s), then the local descriptions (with respect to local frames) will also have
this property.

Fzercise {. Repeat the computation in the proof of (b) for connection 1-forms.

Summary: D; — Dy € QY(B,End(E)). Conversely, if A € Q'(B,End(FE)), then we can define (D; +
A)(s) = D1(s) + A(s).

FExercise 5. Show that Dy + A is a connection.

Conclusion: If A(FE) is the space of all connections on E, then A(E) = Dy + Q'(B, End(E)) where Dy
is any fixed connection. That is, A(F) is an infinite dimensional affinve space based on Q'(F, End(FE)).

Parallel Transport



Definition 1. Given a connection, D, and a vector field, X, then Dxs is called the covariant deriwative
of s along X. We can write it locally: Dxs = dxs + (A(X))s, where D,s € Q°B, E) and (Dxs)(b) =
(dx,s) + A(X3)s(b), that is, it depends only on X3 € T3 B.

Definition 2. If s € Q°(B, ) satisfies Ds = 0, then we say that s is parallel.

Question. Can we find solutions to Ds = 07
With respect to a local frame, if
S1
s=|
Sn

and D = d 4 Ay, then the condition for being parallel is ds; + A;;s; = 0 for all :. With local coordinates,
(x1,...,2), on B, we are thus looking at trying to solve the system of equations,

"L Os;
> G+ (Afs)dra =0 =1
O(:l

(a4

where A;; = Afdx,. This is a system of partial differential equations for which existence of solutions is
NOT guarenteed.
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