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Curvatures

Recall from last time that the curvature of a connection D is Fp € Q% B,A*T*M @ End(E)) =
Q?(B,End(E)). If D = d+ A with respect to a local frame, then the local formula for F' is Fy = dA+ AN A.

Proposition. Given a connection D : Q°(E) — QY(E) on E, there exists a unique extension (called the
covariant derivative) of D to D : QP(E) — QPTY(E) such that (i) D is linear and (i1) For any o € Q4(B)

and o € P (F), DaAo)=daNo+(-1)laA Do.
Proof: Write ¢ = 3 3; @ s;, where 3; € QP(B) and s; € Q°(E). Then
Do = ZD(BZ ® 52’)
= Zdﬁz & 8; + (_1)1762, A Ds;.

d

Claim. Fp = Do D = D?, that is, Fp(s) = D(Ds), for any s € Q°(B, E). Here the second D 1is the

extension of D to QY(B, E) — Q*(B, E).

Proof: First look at QY(E) LA QYE) D, Q?(E). With respect to local frame {e;} for E, say D = d + A

and s = ). s;e; is a section over U,. Then Ds =) (ds; + A;jsj)e;. Therefore
D(DS) = —ds; A A]'iej + d(Aiij)ei — AZ']'SJ' AN Apiep
= —ds; A A]'iej + (dAij)sjei — Aij A deel' + (A]“ A Aij)sjek
= Z(dA + AN A)Z']'Sj €;
ij
= FD(S).
O

Question: What does Fp measure?

First interpretation of curvatures:
For the “complex”

(*) Q°(E) = QY(E) = QN(E) — -
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D? # 0, in fact, D* = Fp. So the curvature measures the failure of (*) to be a complex. (Unlike in the de
Rham complex C'*° LA QY(M) LA Q*(M) — -+, for which d*> = 01!)
Note. If E admits D with Fp = 0 (such a D is called flat), then we can pick a local frame {ef} such that

Dey = 0. Thus A* = 0,1i.e. D = dover U,. Hence it follows that g,z is constant. In other words “existence
of a flat connection < existence of a flat structure”.

Remark. Even if Fp = 0, we can still have holonomy. However, if Fp = 0, then holonomy depends only
on the homotopy type of loops. Tt follows that we can get a representation of m1(B) in GL(k, R), (called the
holonomy representation) by [y] — holonomy around 5.

Note. The converse is also true, i.e. given a representation of w1 (B) in GL(k,R), we get a flat GL(k, R)
bundle.

Second interpretation of curvatures:

Proposition. If X and Y are vector fields on B, then
Fp(X,Y)=DxDy — Dy Dx — Dixy].

In particular, if [X,Y] =0, then Fp(X,Y)= Dx Dy — Dy Dx, that is, Fp measures the failure of Dx and
Dy to commute.

Proof: Fix b € B. The curvature Fp(X,Y") depends only on values at B, so we can use local description:

Fp(X,Y)=dA(X,Y)+ AN A(X,Y). For 1-forms o and 3,

(1) do(X,Y) = X(a(Y)) = Y(a(X)) — o([X,Y])
and
(2) (0 ABYX,Y) = a(X)B(Y) — a(Y)B(X).

Then apply (1) and (2) to d4 and A A A. On the other hand,
Dx(Dys) = Dx(dys + A(Y)S)
= d (Dy + As) + A(X)(dy 5+ A(Y)s)
=XY(s)+ X(AY s+ AY)X(s) + A(X)Y(s) + A(X)A(Y)s
= .. -etc.
The rest of the proof is left as an exercise. [0

Ezercise 1. Finish the above proof.
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