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If a vector bundle & — B admits a connection D such that Fip = 0, then we can pick a local frame {ef}
on U, shch that Def =0 (A% = 0).
If 4(2) is any curve in B (with v(0) = b) we can define 4.(¢), the horizontal lift through 7.(0) = e(€ E}).

Note. With respect to a parallel frame {ef}, J.(¢) = > 47 (£)ed (y(¢)) such that :yla(t) + A% (v())75(t) = 0.
But A7, =0, that is, :yla(t) =0, so ¥%(¢) is a constant.

Now suppose ¥(t) is a loop, i.e. y(1) = v(0) = b. The holonomy around the loop () is due to the fact
that 9.(1) need not agree with 7.(0).

Question: How come F.(1) # 7.(0) 7
Answer: The path y(t) may not lie in one patch U,! Suppose ¥(t) is covered by Uy, Uy, -, Uy. Then we
pick 0 < t; <ty < -+ <tyy1 < 1such that v(ty) € Uyo1 NU,, for o = 1,--- N, and y(tyy1) € Uy N Uy.
Say
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Then the horizontal lifting condition says 'y( ) Z'y ed(t), for 0 < t < t1 (7 is constant w.r.t. {el(t)}.)
At t1, switch to frame {e}(¢)}: so F(t1) = Z(glljo’y]o) L(t1), that is, (%}) = g” 'y]0 Therefore
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At each overlap, pick up g**~!. Then, after going around the loop,
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holonomy!

Note. Tf the loop v(t) remains within a single patch, then (1) = %(0), that is, the holonomy is trivial—no
holonomy around small loops!

Corollary. Homotopy paths produces same holonomy.

Thus we get a holonomy representation p: m1(B) — GL(k).
Conversely, given p : m(B) — GL(k), we can construct a (flat) vector bundle £ — B which admits D
such that Fp = 0 and it produces p as holonomy representation as follows:

Construction: Let B £+ B be the universal cover and 71(B) acts on B as covering transformation group.

From F = B x, RE oEr B x ¥ /71 (B) with (b,v) ~ (vb, p(7)v).
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Proposition. (1) E — B is a flat R*-bundle.
(2) E — B can be given a flat connection which induces p : m1(B) — GL(n) as holonomy representation.

Ezercise 1. Prove the above proposition.

Note. Given p: m(B) — G, then (1) P = B X, G is a principal G-bundle. (2) P is flat. (3) P admits a flat
connection.

Bianchi Identity

Given a connection D on a vector bundle £ — B with curvature Fp, say locally D = d + A and
Fp=Fs=dA+ AN A over U. Then Fy is a matrix of 2-form on U and we can compute

dFy =dANA—-—ANA
=(Fa—ANAANA—AN(Fs1—ANA)
=FaNA—ANFy.
That is, F'4 satisfies the identity
dFg+ANF4—FaNA=0. (Bianchi Identity)
If we define [A, F]= AAFy — Fq A A, then
dFs+[A, F]1=0. (Bianchi Identity)

This can be given a global description: D(Fp) = 0, but we need to make sense of D(Fp) = 0. For this we
need to look at induced connections!

Induced Connections I

(1)Induced Connections on Ey @ F :
For connections D; on F;, Vi = 1,2, take D® = D; @& D-. If locally D; = d + A;, then

A *
D _ 1

with respect to direct sums of frames. That is, if s = s; & s2 € Q°(FEy & Es), then D¥(s; & s5) =
Dl(Sl) o) DQ(SQ).

FEzercise 2. Check that this is a connection and

F *
o _ Ay
FA B ( * FA2) ’
(2)Induced Connections on Fy @ Fs:
For connections D; on E;, Vi = 1,2, set D®(s1 @ s2) = D1(s1) @ s2 + 51 @ Da(s2). Define the connection

D?® =Dy @I+ 1, ® Ds.

What is the curvature Fg) 7

Ezercise 3. Show that Fg) =F1 L+ 11 @ Fy, that is, Fg)(sl ® s2) = F1(51) ® s2 + $2 @ Fa(s2).

(3)Induced Connections on E*:
Given a connection D on E — B, we can define a connection D* on E* such that if s* € Q°(E*) and
t € QU(F), then [s*(t)]y = s}(ts), Vb € B, is a smooth funtion on the base B. So we can take the differential

ds* (1) = (D*s™)(1) + s (D(1)).
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