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Induced Connections II

(3)Induced Connections on E*:
Given a connection D on E — B, we can define a connection D* on E* such that if s* € Q°(E*) and
t € QU(F), then [s*(t)]y = s}(ts), Vb € B, is a smooth funtion on the base B. So we can take the differential

ds* (1) = (D*s™)(1) + s (D(1)).

With respect to the local frame {¢;} for £, D = d + A and with respect to the dual frame {ef} for B,
D* =d+ A*. Then we have
e; (b)(e; (b)) = dij,

such that (1) def(e;) =0, (ii) De; = Ajjer, and (iii) D* T = Azjez. So we need

0 = dej(e;)
= (AL @ ep)(ej) +ef @ (Axjer)
= A;z =+ A”
Therefore we require
A* = — AL

Ezercise 1. Check that if { A%} is a collection of connection 1-forms for D, then {—(A%)"} defines a connection
on E*! (If so, then the connection clearly is the one we need!).

Fzrercise 2. Describe this in terms of horizontal lifting of curves.

Note. We can combine (2) and (3) to get D on (QFE1) @ (QF2) ete.
Remark. From (1), (2), and (3), we can obtain the connection on F; ® Ei = Hom(FEs, Fy).

(4)Connections on Hom(Fy, Fy) = By @ BY:
Since Hom(FE1, Fa) = Fy ® E7, so we have the connection

D=DyohL+1,®Dj

defined on Hom(E7, Ea).
Direct description on Hom(FE1, Fa): Given h : F; — F5 and fix bases {egl)} and {egz)} for F1 and Fs,
respectively. Then h = [hy;].
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Question. What is the D(h)?
Let e;; = 652) & egl) . Then
Dle) = AL & 4 e 6 A

AP P 0 e AV 0 e

But h = Zhij(egz) @ 6;1)*), where we think of {e;;} as a basis for Hom(E+, E>) via (652) @ egl)*)(s) =
e(»l)*(s)e(»l)
J i

FEzercise 3. Show that .
D(h) = > (dh + A®h — hAW); e @ el

Le. if h = [hy;] with respect to {e;; }, then
D(h) = dh+ A®®h — hAD),

Remark. Special case: if By = Ey = F, then Hom(Ey, F3) = End(E) and D on F induces D on End(F)
such that with respect to local frames, if D =d+ A on E and u € QY(End(E)), then

D(u) = du+ Au— uA
= du+ [A, u]
on End(FE).
Note. We can use the extension of D on End(F) to define the Covariant Derivative
D : QP(End(F)) — QP (End(E))
Apply this covariant derivative to Fp € Q*(End(E)) to compute D(Fp). With respect to local frames,
D(Fa) =dF4+ [A, Fa], where D = d+ A. Thus the Bianchi identity says D(Fp) = 0!

(5)Connections on Pull-Back Bundles:
Connection on f*(FE) via

X B
Say D is a connection on F and {e} is local frames for E over U,. Let {f*(e%)} be the “pull-back”
frame for f*(E) over f~1(Uy) with f*(e?)(z) = e¥(f(x)). Say D = d + A® with respect to {e%}.
Claim. f*(A%) defines connection 1-form on f=Y(Uy). (w.r.t. {f*(e¥)}).
proof: Given a vector field Y on f=1(Uy)(€ X), f*(A2)(Y) = A;’f(x)(f*Y). That is, we define f*(D) on
F*(E) such that
XDy )(f"s) = Dyoy (s).

O
Note. Given an isomorphic bundle map (h is an isomorphism between two bundles)
E b F
B

Let D be a connection on F. Then we can define h*(D) on E by h*(D)(s) = h=*(D)(h(s)). Therefore
R*(D)=h"toDoh.
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