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During the last lecture we began to examine connections on tangent bundles, TM — M. If M has
dimension m, then this is a rank m bundle over M. Given a connection V and local coordinates, (#1, ..., #m)
on M, we can produce a local frame, {32-} for TM and {dx;} for T*M. We saw that
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This was how we defined the Christoffel symbols. The geodesic equation was derived from examining
covariant constant vector fields. That is, given a curve ¥(¢) in M, we called v(¢) geodesic if the velocity
vector field, %(¢) was covariant constant, V45 = 0. In local coordinates, y(t) = (21(1),..., zm(t)), we get
the following set of ordinary differential equations

$p(t) + T (v@)as ()i (1) =0,  k=1,...,m

A consequence of the existence and uniqueness of solutions to differential equations implies that given any
vector ¥ € T, M, there exists a unique geodesic curve, yz(¢) with vz(0) = # and 43(0) = @.

Frercise 1. Let yz(t) be the geodesic through « in the direction of ¥. If A is some constant, show that
() = va(AL).

Corollary. Given a unit vector @ € Tp M (a unit vector with respect to some Riemannian metric), for small
enough X, yag(t) will be defined at t = 1. We define a map, Ty M — M defined on a small neighborhood of
0€TeM by 0 — vz(1). This map is called the exponential map and is denoted by exp(¥).

A fact from Riemannian geometry says that this is a diffeomorphism of the neighborhood of 0 in 7, M
onto a neighborhood of « in M. The proof relies on the implicit function theorem. In order to set things up
properly, we must examine the derivative of this map, Dy(exp) : To(Tu M) — Tu M.

Frercise 2. Show that Dg(exp) = Id.

This defined geodesic coordinates.
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Claim. With respect to these geodesic coordinates, Ff]» vanishes at x.

Sketch of Proof: Given any v € T, M | evaluate (Ffjdxk)(f}') using the geodesic along @, yz(t). Use the
geodesic equation and note that in geodesic coordinates, yz(t) =t = (z1(¢), ..., zm(?)).

Torsion

Definition 1. For a connection, V, on the tangent bundle, T'M, over M, the torsion of the connection is a
tensor field in

QUAHT M) @ TM)

defined by
(X, Y)=VxY - VyX — [X,Y]

for any vector fields, X,Y € T M.

It is not at all clear that 7 is actually an element of Q°(A?(T*M) @ T'M). The following exercise is in
this direction.

Fzercise 3. Show that 7(X,Y); depends only on the values of X and ¥3. This will show that 7, € /\ZTb*M®
Ty M. Show that if f is a function, then 7(fX,Y) = fr(X,Y).

What does the torsion measure? With respect to the frames {52} for TM and {dw;} for T*M, we see
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So, if
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then 7;; = Ffj — Ffl If 7 = 0, then the connection has symmetric Christoffel symbols.

Fact: Given V, if 7 # 0, then we can modify V to obtain a new connection, V, with # = 0. The
modification is given by the following procedure. We have

QY End(TM)) = QU(T*M @ End(TM))

and

T"M@End(TM)=T"M@(ITM*@TM)=(I"M TM")2TM
Since A2(T*M) C T*M © TM*, we have that 7 € Q*(End(T'M). We can use this to define V=V- %7'.

FEzercise 4. Show that the torsion of V is zero.
The Levi-Civita Connection

Recall that a metric, g, on a manifold M if it 1s a bundle metric on the tangent bundle of M. We can
thus ask for connections on 7'M — M to be compatible with the metric. By our discussion of orthogonal
connections, this can be expressed by the condition that Vg = 0.



Claim. Given g, there is a unique connection, called the Levi-Civita connection and denoted V'°, such that
Vicg =0 and V¢ is torsion free.

Proof: Use local coordinates {xy,...,z,}. Write

qg = Zgijdxi ® dl‘]’

with respect to the local frame {dz;} for T* M. Set
S
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where g1, = (gj1) to form the desired connection. O

We now get induced connections on T*M,@T*M,@TM etc. On APT*M, we have V'¢ : QP(M) —
QUT*M @ N°T*M) and d : QP (M) — QPTL(M). We would like to relate these two maps.

Claim. Alt(Vlc) = d where Alt is the alternation.
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