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Recall that given a vector bundle ¥ — B, we define characteristic classes in H*(B;F) (F=R or F = C)
by starting with a GL, invariant polynomial, P : Mat, — [, and a connection, D : Q% E) — QY(E),
and then defining P(D) = P(F) where F is the curvature of the connection. We evaluate P(F') on the
local expression for the curvature of D. Last time we proved that dP(F) = 0 and so [P(D)] represents a
cohomology class in H*(B;TF). Infact, if the degree of P is m, then [P(D)] € H*™(B;F). What remains to
be shown is that [P(D)] is independent of the connection D.

Suppose that Dy, Dy are connections. Define the path in the space of connections from Dy to D by
Dt = tDl + (1 — t)DO Then,

P(Dy) — P(Dy) = /1 %P(Ft, LB dt

where P(Aj, ..., Ap) is the polarization of P. [E.g, for P(A) = TrA?, P(A;, As) = %Tr(AlAz + Az A7)].

Claim.

1
/ %P(Ft,...,Ft) dt = d(TP(Dy, D))
0

where .
TP(Dy,Dy) = m/ PO, Fy, ..., Fy) dt
0

andﬁ:Dl—Do.

Note. 0 € QY(End(E)). Thus, we can evaluate P(0, Iy, ..., F}) by fixing a local frame and using a local
expression for #, Fy. By the invariance of P and the transformation properties of a section of End(F),
P(0, Fy, ..., F}) is independent of the local frame.

Suppose that with respect to a local frame

Dy =d+ Ay
Dy =d+ A4
f=A — Ag

Then D; =d+ Ag +t0 = D+ A; where

Ay =Ag+10 (1)
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Thus

bl

FtIdAt—i—At/\At (2)

and

FtIdAt—i—At/\At—i—At/\At (3)

We need d
EP(Ft,...,Ft) = mP(Ft,Ft,...,Ft)

Ezercise 1. IF P : Mat,, x ...Mat,, — C is multilinear, then
d @ ,
EP(Al(t), o Am() = Z P(A1(), ..., Ai(®), ..., Am(1))

i=1
To evaluate P(Ft,Ft, ..., ) at (g, xg), we pick a local frame such that Ay (x9) = 0.(Recall by the
Bianchi identity that we also get (dFy,)(xo) = 0.) Thus, at ¢ we get

F,, =dAy, by (3)
=do by (1)

Hence,
1 d 1
/ —P(Ft,,Ft)dt:m/ P(d@,Ft,,Ft)dt

o dt 0

Also, (remembering that P is a multilinear map),
d(P(H, tha . .,Fto)) = P(d@, tha ceey th) + (m — 1)P(9, dFtD, ceey th)
Evaluating this in the special frame described above, we see that
d(P(H, th ey th)) = P(d@, tha . .,Ftu)

Hence,
1 d 1
/ —P(Ft,,Ft)dt:d(m/ P(H,Ft,,Ft)dt)
o dt 0
Example. Let P;(A) = Tr(A). Then
1
P(Dy)— P(Dg) = d/ (Tr(0) dt = dTr(0)
0
Suppose P3(A) = Tr(A?). Then

1 1
TPy(Dy, D) = d/ Te(6F, + F,0) dt = Qd/ Te(6F,) dt
0 0
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