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Characteristic Classes for Complex Bundles I1

Definition 1. Let £ — B be a complex bundle of rank n. To define the Chern classes of E we use the
(GL(n, C)-invariant) polynomials corresponding to the homogeneous parts of det(7 4+ A), i.e. we use ¢;(A)

where
n

det(I+A4) =Y c;(A).

j=0
We define the j-th Chern class of E by

?

¢j(L) = ¢j(5 1) € H*(B,0),

where F'is the curvature form of any connection on E, expressed with respect to any local frame. We define
the total Chern class of E by

n

o(E) = ¢j(E)=det(I + %F).

j=0

Note. We can always
o fix Hermitian metric on F
e take D unitary

e use unitary frames
Then F' 4+ F* = 0. (Thus if F'+ Fi; dx; A dx; with respect to local coordinates, then Fj; + FZ’; =0.)

Recall: Any A € U(n) = Lie(U(n)) is diagonalizable by 7' € U(n), so we can restrict our attentation to

‘ U(n)-invariant polynomials on U(n) ‘

Claim. The Chern classes are real cohomology classes, i.e. ¢;(E) € H¥ (B, R).

That is, given any Xy, -+, X2 € QUTB), ¢;(E)(X1, -+, Xs;) € R. (In fact, the classes are integral, i.e.
¢;(E)[o] € Z for [o] € Hy;(B,Z), but we won’t prove that here.)

Proof: If F4+F* = 0, then ;7F = (22_77F)* Thus det([—i—%F) = det(7 + ;7F) Therefore ¢;(E) = ¢;(E),
for all j. (Explicitiy: if ¢;(E) = [ v, dzj, A+ Adzyy, |, then v, =7;.) O
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Example 1. For a line bundle ¥ — P! (recall ¥|f., .,] = line through (z0,21)), co(y) = det(I) = 1 and

ci(y) = Tr(5F) = = F € HY(PL, R). (In general, ¢;(E) is defined for j < min(422 Rank(E)).) Then

[ am=amE=-1

(we will see the proof later!)

Before we get to more computations, we look at general properties:
Formulae: From definition and expression for det(I + 5=A) = > ¢;(A), we can see

cp(A) =detI =1

?

e1(A4) = Tr( 5

4)

cn(A) = det(A)
[ if we do the computation for I + %A diagonal, and we write the diagonal matrix for I + %A as
1 + x1

1+ 2,

where z; = %/\Z» and A; are eigenvalues of A, then

det(I‘F%A):H(l‘Fl‘i):1+Z$¢+inxj+~~'+nxi ]
i=1 e i=1

Sometimes more convenient to define the Chern characters:

chi(F) = — Tr(Q—F)k k=0,1,2,--.

i
—F)).
(5=1))
Property 1. ¢(E1 ® E2) = ¢(F1) - ¢(Fa) (in H*(B,R)).
Proof: Let’s pick connections D; on E;, ¢ = 1,2. Then we construct D = Dy & Ds. With respect to

local frames, we get
(A0 (0
A_<0 AZ) & F_<0 FZ).
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Therefore

c(E)_cEl@Ez)
(1 5:0)
([ i en))
=i

det Il + —Fl) -det (Iz + LFQ)
27

El) C

det

Il
o

d

Corollary. We can extract formulae for ¢;(E) from

ni+ns n1 N2
> (k) = (Z cZ»(El)) : ( ck(Ez)) :

j=0 =0

For example,

deg 1: Cl(E) = Cl(Ez) + Cl(El)
deg 2: CQ(E) = Cz(El) + Cl(El)Cl(Ez) + CZ(EZ)
ete.

Property 2. ch(E, ® E2) = ch(E1) + ch(E2), hence chy(F1 @ Fa) = chip(E1) + chi(E2).
Proof: Use D = D; + D> and

1 B exp(5-11) 0
(g =T | "5 exp( F>D
= Tr(exp(iFl)) + Tr(exp(ﬁFz)).
(I
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