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Characteristic Classes for Complex Bundles II1

We saw last time: for complex bundles £; — B, 1 =1, 2,

C(E1 D Ez) = C(El) . C(Ez)
Ch(E1 D Ez) = Ch(El) + Ch(Ez)

where ¢(F) = [det([ + #F)] (F is a curvature of any connection) and ch(E) = [Tr( eXp(%F) )]

Chern Classes for Dual Bundles

Say E*= dual bundle to E. Recall: given a connection D on F, we can define a connection D* on E*

such that A* = —A?. Thus

F*=dA" + A" N A"
= —dA"+ A" A AL

But A" A A" = —(A A A)', if A is a matrix of 1 forms. So the curvature F* = —F*. Then

So

For example, ¢1(E*) = —c1(F), ete.
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Relations between Chern Classes ¢; and Chern Characters ch;

We know chy(A) = Tr(A*), so

cho(E) = Tr(iF)o =Tr] = Rank &

?

chi(F) = Tr(%F)1 =c1(F)
i
cho(E) = Tr(ﬁF)z
If the eigenvalues of #F are @y, - ,&,, then
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:5(21‘2) — Zl‘ll‘]
=1 1<
1
= §Cl(E)2 — CQ(E)
Thus
Chz(E) = —Cl(E)Z — CQ(E)
ete.

Chern Characters as a Map between Bundles and Cohomology
Property. ch(F; ® F3) = ch(Fy) - ch(F2).

Hint: Given connections D; on E;,7 = 1,2, we can define D = D1 ®@I,+11 @ Dy with Fy = F1QIs+11 QF5
on By ® Fs. Then use Tr(A®@ B)=TrA-TrB. O

FEzercise 1. Prove the above claim.

Remark. Given B, if we define Vect(B) := {Isomorphism classes of complex bundle on B}, then we have
two “ring operations” on Vect(B):

+ E @ Ey
Ei @ L.

Vect(B) can be made into a ring under these operations (cf. a course on K-theory!) in which case
ch : Vect(B) — H*(B,R)

defines a ring isomorphism.

Note. For a complex line bundle L. — B, we only have

CO(L) =1
ci(L) € H*(B,R).

(will see later how to compute in the case of L over complex manifold!)
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So the total Chern class
o(L) = (1+ex(L)).

For E=L1® Ly@ @& Ly (sum of n line bundles), we can get

() = e(La)e(L2)---e(Ln)
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For example,

n

cl(E) =Y ei(ly)

i=1

ea(F) = Z cr(Lijer(Ly)

i#j

n

en(E) =] er(Li)

1=1
Frercise 2. Suppose E =11 ® La® -+ @ L. If e1(L;) = 0, for some ¢, then ¢, (E) =0
Ezercise 3. Suppose E = L1 @& Ly & --- P L. If ea(L1) = e1(La) = -+ = e1(Lg) = 0, then ¢;(E) = 0, for
j>n—k.
Characteristic Classes for Real Bundles I
We want to define the characteristic classes for real bundles, say Eg — B of rank n (Eg|; = R").

First Approach: Complexify Fg and use the previous discussions about complex bundles.

Let’s recall some facts. We complexify a real vector space Vg by taking Vg ® C = Vg. If dimg(Vg) = n,
then dimg(Ve) = n. (If Vg = Spang{v1, -+, v}, then Vi = Spanc{vy, -+, v,}.)
For a real bundle Ex of rank n, we can form a complex bundle E¢ := Fr ® C as follows:
If
b = H Us xR"/gag where gop:UsNUg — GL(n,R),

then

EFe=FEreC= HUQ X C"/gap where gap : Uy NUg — GL(n,R) — GL(n, C).

Therefore we can define the characteristic classes for Ex by
P(ER) = P(Eq) for any GL(n,C)-invariant polynomial P.

For example, cf(ER) = c(Fc).
Note. We will see that for k odd, ¢;(Eg) = 0.
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