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Characteristic Classes for Real Bundles

Before we return to Characteristic Classes for real bundles, we go back to complez bundles: we had
Chern Classes defined by the generating function

c(A) = det(] + iA) = le[l(l + ;) (where x; are the eigenvalues of iA) .
Chern Characters defined by the generating function

n

ch(A) = Tr (exp(%A)) = Zexp(ri) .

=1

Another important characteristic class is the Todd class
_ J
Td(A) = H1 -
]:

Note.
e When applied to A = F' = curvature, series terminates at terms of deg =

e For a complex bundle F, Td(EF) =1+ %cl(E) + f—z(c%(E) +ea E)) 4+
e Appears in Riemann-Roch Theorem.

dimB
-

For a holomorphic bundle (complex bundle such that E is a complex manifold and 7 is holomorphic)

. ™ .
over a complex manifold £ — X, we have an integer

x(E) = bundle version of Euler characteristic of a manifold.

= index of a differential operator.

The Riemann-Roch Theorem relates this (global, topological) quantity x(F) to characteristic classes:

X(EB) = /X Td(T'X) A ch(E) .

This is an example of an Index Theorem which relates the (integer valued) index of a differential operator
QUEy) — QUEs) to fB(characteristic classes of TB and bundles).
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If X is a Riemann surface (dimg X = 1), then Rank(7"X) = 1 and Td(1T"X) = 1 + 3¢1(1"X). So
1
Td(T'X) A ch(E) = (1 + §c1(T'X)) A(r+ci(E)) .
Thus

(1+ —61 (T"X)) A (r + c1(E))

/ e (T'X) .

/ Td(T'X) A ch(E
X

><\><\

Fact / Definition.

o [ c1i(E) =deg(E).
o deg(T'X) = 2 — 2g, where g = genus of Riemann surface X.

So the Riemann-Roch Theorem:

X(F) = deg(E) + Rank(E)(1 —g) .

Back to the Characteristic Classes for Real Bundles

Recall the First Approach from last time:
Given a real bundle Fg with fiber R” and GL(n,R), we can define a complex bundle F¢ = Fg @ C with
fiber C* and GL(n, C)(«— GL(n,R)).

FEzercise 1. Show that F¢ = Eg & Er as real bundle.
Hint: Look in detail at GL(n,R)— GL(n,C) — GL(2n,R). O

Note. Given any complex bundle, we can look at underlying real bundle uning C* =2 R?" to realize fibers as
real and GL(n,C) — GL(2n,R) to obtain real transition functions.
Therefore we can define

Ck(E]R) = Ck(E(C) .

Note. For k odd, ¢x(Er) = 0.
Proof: Given a complex bundle E¢, we can define E¢. If gop € GL(n,C) are transition functions for
E¢, then g5 € GL(n,C) are transition functions for Ec. We now use the following key facts:

Key Facts. L

(]) If BEoc = ErR ® C, then F¢ = Eg¢.

(2) cr.(Ec) = (=1)*er(E¢), for any complex bundle Eg.

Hint: Given a connection D on Eg, we can get a connection D on Eg such that Fy = Fp, then
iy =—(iFp). O

Thus cx(Ec) = (=1)*er(Ec) = (=1)Fer(Bg). O

So we can get cap(ER) in H4k(B,}R).

Second Approach: Look at GL(n,R) invariant polynomials on Mat, (IR).

Easier: Look at O(n)-invariant polynomials on Lie(O(n)) = { A| A"+ A =0}.

Why can we always do this: Fix a Riemann metric on Fg and use orthonormal frames and orthogonal
connections, then the curvature I is Lie(O(n))-valued and the transition functions are O(n)-valued. Hence
give any O(n)-invariant P : Lie(O(n)) — R, we can get [P(%F)] € H*(B, 7).

So what can we say about such P 7




Fact. A+ A" =0, A cannot be diagonalized:

Since

A4 AP =0

A=

But A is conjugate (via T € O(n)) to

0 M
-A1 0

n =2k

A

An

or

Thus we only need to consider P’s on such A. Write

0 X
X 0
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A

W

= X=0!
A1
0
0
“\
n=2k+1
= P(Ay, yAn)



