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Euler Classes for Orientable Vector Bundles

Behaviour of ¢(F) under Change in Orientation

Say F — B is rank n = 2m real oriented bundle with
E:HUQ X R"/gag gap : Ua NUzg — SO(n).

So
Vo
Elp, == U, x R"

defines oriented frames.
To change orientation: Pick go € O(n)\ SO(n) (det(go) = —1). Define new set of frames

o Ve n 1Xgo n
Vo Ely, = Uy x R == U, x R,

Then new transition functions are gag = go © gga © g5t

E|UaﬂUﬂ Ya R” go R”
W5 9B Fap=g00g820g5 "
rR™ rR™

Note.
(1) det(gga) = +1, s0 Gga € SO(n).

(2) Using %, to define an orientation on fibers yields opposite orientation to that obtained via .

FEzercise 1. Show that if F, is a curvature for a connection on E with respect to oriented local frames and
F, is a corresponding curvature on £, then

Fa:gooFaogo_l.
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Thus

Special Case: £ =TM Tangent Bundle of M

Definition 1. (1) M is orientable <= TM is orientable. (2) The Fuler class of an orientable manifold M
is defined to be e(M) = e(TM).

Remark. Suppose that M is an orientable manifold of dimension 2m, and that e(M) € H*™(M,7Z) is its
Fuler class. We can evalute e(M) on the fundamental class in Hap, (M, 7Z),i.e., on the class [M] € Hap (M, 7).
It is an important fact that

=x(M) Euler characteristic
2m

= (—l)kbk(M) b (M) = Betti numbers .
k=0

This is an example of an Index Theorem.

Example. Special Case: dim(M) = 2

A skew symmetric 2 x 2 matrix is of the form

a=[ e

Thus (cf. the definition of e in Lecture 35) e(A) = (ae; Aea, €1 Aea) = a, where {ey, e2} is an oriented basis

for R2. Applying this to the curvature of a connection, we get ¢(T'M) = e(5=Q), where Q is a curvature of
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Levi-Civita connection. But €2 can be written

0 w
a=[% 5]

where w 1s a 2 form and hence a multiple of the area form on M.
Writing w = kdA, we can see that e(TM) = 5-xdA and hence [,, e(TM) = 5= [, £ dA. Therefore

() =g [ waa,

The function & is the Gauss curvature of the metric on M and () is the Gauss-Bonet Theorem.

How to Detect Orientability



Suppose
E = HUQ X R"/gus

1s a vector bundle with

Jap : UaﬂU@ —>O(n)

Question: Can we change the local trvializations so that the new transition functions ga.s are in SO(n)?

To do so, we need

Aa 1 Uy — O(n)
such that if 12;; defined by E|y, = Uy x R™ ELN Uy x R™ then
G0 = Agogsa oAt € SO(n).

The following diagram shows that g.s are indeed the new transition functions.

E|UaﬂUﬂ Ya Rn Ao Rn
gBa T8a= -1
¥s 8 Gpa=Ap0dpa0r,
n n
R v R

Defining
(Sa@ = det(ga@) :Us N U@ — {:l:l} = Zo
lo = det(Ay) : Uy — Za,

we see that the {A,} must be such that
1= bap = det(fap) = det(Xa 0 gap 0 A5") = la - dup - 15" .

That is, we require

lg
s = —.
B I
Reformulation:
Writing '
Sop = €8
i iTU Uap 5 Va € {Oal}:ZZa
a = € h

the question becomes

Question: Given {uqp}, can we find {v,} such that

() Uap = V3 — Vg 7

Note. We are only interested in (##) for {ung} which come from transition functions, i.e., which satisfy

I=gap 987 9ya on UsNUgNU, £ 0,

that is, which satisfy
1 =dap 0py Oya
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or
0= uag + gy + Uya.

Question becomes: Given {uss} such that

(1) Uag + Ugy + Uya =0 on UsNUgNU, #0,

can we find v, such that

(2) Uap = Vg — Vg !

Notice that (1) is the closed condition on Cech I-cochains and (2) is the exact condition.
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