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Cech Cohomology and Orientability

Question: Given a vector bundle £ = [[ Uy x R"/gags, gap € O(n). When can local frames be chosen such
that gop € SO(n)?

Last time: Say we can find local gauge transformations A, : Uy — O(n) such that under
Elo. 22 U, x 10 22 g mr
new transition functions gog = An © gap © /\51 satisfy
detgog=1.
We can reformulate this using

ITUxg

det(gap) = e

. Uas , Vo €10,1} = Z4.
det(Ay) = €™ g 0.1 :

Then

the cocycle condition = #ap + Ugy + tUya =0 (closed) ,
and the condition detgap =1 = tap = v — Va (exact)

Cohomology Intepretation (using Cech cohomology with Z coefficients)

o Fix “suitable” cover {Uy}aer for B, where “suitable” means all intersections are contractible and
connected.

e Define a 0-cochain to be
g0 = {90 €EZa | a €T} (so ¢\®) defines a map ¢(°) : I — Za) .
e Define a 1-cochain to be
9V ={gap €EZala# B, UsNUs #0, gup = —gsa(= gpa in Za!) }.

Typeset by ApS-TEX



e Define a j-cochain to be

J
g = {Yaoa; € La | Vi # j, o # aj, ﬂ Ua; 0, gap.--o; antisymmetric w.r.t. indices } .
i=0

e Define
C'U) = Group of all j-cochains with group operation ¢g\/)+ fU) = {9+ Haoa; = Jaoa;+faga; |-

e Define § : CU) — CUHD by

| i)
(89D argcryr = D (=199 0
i=0

[T

where the on &; means “delete from the list of indices”. For example,

500 _ o) (5g(0))ozﬁ _ ggo) _ ggo)

(S . C(l) — C(z) (5g(1))ozﬁ'y = g(@z) - g(()zlw) + g(()zlﬁ) :

Key Facts: In

(0 39 sy 8 k2 52

(a) ¢ is a group homomorphism.

(b) 4% = 0.
Ezrercise 1. Prove the above key facts.
Thus Im 6®) C Ker §**t1) and we can form

Ker §(0)

H®) ({Us}aer, Zo) = s =1) "

Facts:
(1) Take H = Ker 6(9),
(2) For suitable covers, this result is independent of {Ug }aer.
(3) H®)(B,Zy) = HP(B,Zy).

Back to {u.s} and {vs}aer

e Clearly {uqs} defines a Cech 1-cochain.
® Uyg + Ugy + Uyq = 0 says 5(1)({ua@}) = 0. (since gap = ggi, we get Uyq = —Uay etc.)

o Hence {u,p} defines elements in H)(B,Z,) = HY(B,Z). [This is called w;(E), the first Stiefel-
Whitney class.]

o {vy}aer defines v e ¢ and Uag = Vg — Vo says {uap} = sv(9 e, wi(E) = 0.

Conclusion. F is orientable = wy(F) .



Remark. The converse holds too:

Consider a vector bundle £ = [[U, x R™/ga5. Define the Cech cochain ut) = {uqp} as above, ie.,
det gop = €™ =#. As above, this defines wi(E) = [uV] € HY(B,Z5).
Say wi(E) = 0, i.e., [{uas}] = 0 € HIW(B, Zy). Tt follows that we can find {v,} such that uas = vs —vq.

Claim. Given {v,} with v, : Uy — Zo, we can find Ay : Uy — O(n) such that det A, = /™=,

FEzercise 2. Prove the above claim.

It follows from this, using A, to adjust local trivialization, that we get gop € SO(n). That is, E is
orientable.

We have thus proved:

Proposition. E is orientable <= wi(F) =0 .

Higher Stiefel Whitney Classes and Obstructions

e Will see that wi(F) is not the only Zs-characteristic class. Hence wa(E) € H*(B,Zs) etc.
e wy(F) is also an obstruction — to the existence of a Spin structure.
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