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Last time: We saw that the obstruction to orientability of a vector bundle £ — B is the first Stiefel-Whitney
class wy(E) € H*(B, Zs).
Suppose that wi(E) = 0, so that we can write £ = [[Us X R"/gap , gap € SO(n).

In this case, we can look for a more subtle structure called a spin structure.
Spin Structures

Replace E by principal SO(n)-bundle:

Psom) = H Ua x SO(n)/gap -

Key Facts:
e For n > 2, 71(SO(n)) = Zs.

e There exists a simply connected Lie group Spin(n) such that
1 — Zy — Spin(n) £, SO(n) — 1,
that is, p 1s a double cover and group homomorphism.
Example 1. Spin(2) = St. (ST — St via 2 — 22))
Example 2. Spin(3) = SU(2) = 2 x 2 unitary complex matrices with determinant 1.
To see Spin(3) — SO(3):
e A€ SU(2) can be written as

A= Z1 Z2
|- 7
with |21]? 4+ |22/*> = 1. So
(1) SU2) = { (z1,71) : |,21|2 + |z2|2 =1}= 53
g=un+jm€H : g*=1},
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under 2 ZH=R® iR jRD LR and ¢ = z; + jza.
e Define

SU(?)XH — H
(90,9) — q0qqg "

Typeset by ApS-TEX



Let R3=ImH = iR & jR & kR. Then the unit quaternians act on ImH = R3 by

SU(2)x ImH — TmH
(2) (0,7) —aqorgy' (=qoxqy if|g*=1)

AqD —_ .
This defines an action of SU(2) on B3, In fact, if |go| = 1 and = € ImH = R3 then & — qox gy is
an SO(3) transformation.

Claim:

SU(2) — SO(3)
qo A‘]D

is the 2 : 1 double cover (4,, = A_,,). Hence the map ¢y — Ay, is the map we want !
Example 3. Spin(4) = SU(2) x SU(2).
Remark. Given Spin(n) £, SO(n) and g € SO(n), we can always find § € Spin(n) such that p(g) = g¢.

How about )
Spin(n)

U g SO(n)
If U is contractible, then we can do it !
Apply this to gop : UsNUs — SO(n) in the given principal bundle Pso(n) = [ Ua xSO(n)/gap (assuming
{Uap} is “nice”). Thus we can lift gog to Gas : Ua N Us — Spin(n) if Uy N Ups is contractible. That is, the
diagram commutes:

Spin(n)

Jap o 2

Up N Ug foud SO(n)
Question: Do the transition functions {guas : Us N Us — Spin(n)} define a Spin(n) bundle, i.e., do we get

PSpin(n) = H Uy % Spln(n)/ﬁaﬁ ?

If YES, then such a lift defines a Spin structure on p and we have Psyin(n) £, Pson), 21 1 on each
Lift.
We require (the cocycle condition) gag Gy §va = I (in Spin(n)).

How to Detect Obstruction:
Given {gap}, we can pick a system of lifts {gap}. Define hagy := Japs Gy Gva for Us NUs MU, # 0.

Note. hogy € Spin(n) but p(hagy) = gap 987 9ve = I € SO(n). So hagy € p~ (1) = Z*

So h(?) = {hypy} defines a Cech 2-cochain.



Key Facts. (With hog, = €™ =" defining w(z).)
sw =0
s0 §
[w?] e H(2>(B,Zz)

s the obstruction !

If [w®)] = 0, then there exists {Aop} = A1) @ 1-cochain such that w®) = §(A(V).
FACT. The class [w®] = wa(Pso(n)) € H?(B,Zs) is the second Stiefel-Whitney class.

Pso(n) admits a spin structure <= wa(Pson)) = 0 .

Definition 1. An orientable manifold M is spin if a principal SO(n) frame bundle admits a lift to a principal
Spin(n) bundle (<= wa(TM) = wz(M) = 0).

Examples.
(1) S™ is spin.
(2) All orientable Riemann surfaces, ¥4, are spin.
(3) CIP(k) is spin <= k is odd. (CP(2) is NOT spin !)
(4) All Lie groups are spin.

Remark. If M is spin and Pspin is a lift of SO(n) (bundle of frames), we can get associated vector bundles
S = PSpin Xp 1%

where p : Spin(n) — Aut(V') defines representation of spin (“Spin Bundle”).

273 ALTGELD HALL, 1409 W. GREEN STREET, URBANA, IL 61801
E-mail address: bradlow@math.uiuc.edu



