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Spin Structures

We had a double cover, p : Spin(n) — SO(n). If

Psony = H Ua x SO(n)/gap

is a principal SO(n)-bundle, then a spin structure for the bundle is

PSpin(n) = H Uoz X Spln(n)/gaﬁ

where pgas = gap. This yields a bundle map, p : Pspinn) — Pso(n)-

If Pso(n) is the bundle of oriented frames for 7'M, then Pgpin(n) defines a spin structure on M. T'M =
Pso(n) xo R™, where o : SO(n) — Aut(R") = GL(n,R). Sections of T'M are vector fields on M. Given
Pspin(n), denote the induced representation be ¢ : Spin(n) — Aut(R") and get V = Pspinn) x5 R™

What is the relation between SO(n)-representations and Spin(n)-representations? Since by definition
& =cop:Spin(n) — SO(n) — Aut(R"), we have that every representation of SO(n) gives a representation
of Spin(n).

Observe that &(—1) = &(I) = I. So, if a representation, & of Spin(n) is such that &5(—I) = &(I), then
we can define a representation of SO(n) in the natural way. However, there are representations of Spin(n)
which do not have this property. Infact, we can identify special irreducible representations. This leads to
Spin bundles on M. Sections of these bundles are called spinors.

Sping Structures

Spin(n) was defined by the exact sequence,
1 — Zy— Spin(n) — SO(n) — 1

We now look to double cover SO(n) x ST = SO(n) x U(1). St is naturally a double cover of S* under the
map Z +— z2. We could thus look at the map, Spin(n) x ST — SO(n) x St given by the product of the two
covering maps. However, this is a four-fold, rather than two-fold, cover of SO(n) x S*. Observe that Zs acts
on both Spin(n) and S* (antipodal action). So we can examine the orbits of the action on Spin(n) x 5%,

Spln(n) Xy Sl = {[gaA] : [ga/\] = [_ga_/\]}

We thus make the following defintion,
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Definition 1. Sping(n) = Spin(n) xz, S*.

If we define Sping(n) — SO(n) x St by [g,A] — (g, ), then Sping is a double cover of SO(n) x St. We
now want an analogue of the bundle, Pspinn) — Pso(n). We have that St = U(1) is the structure group of
Py(1) - a principal U(1)—bundle (equivalently a complex line bundle). Starting with

Psogmy x L = [T Ua x (SO(n) x U(1))/{gas:las}

when can we lift to a Sping bundle? Locally there is no problem to doing this,

Sping(n)

. 1/2
gaﬂxl% \

Us N U5 SO(n) x U(1)

(gcxﬂylcxﬂ)

just from basic covering space theory. However, can we pick the lifts §op.14 and li/; in a way so that the
cocyle condition is satisfied? That is, can we pick the lifts so that for all «, 8,y with U, NUg NUgamma # 0,

[Gapdovas L5 15017 = 1 € Sping(n)

i.e, we must get [1,1] or [—1, —1].
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