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Recall that given a rank n vector bundle, we were able to construct a principal GL(n,R) bundle. Fur-
thermore, given a principal G—bundle, P, and a representation p : GG — GL(V), we constructed a vector
bundle, £ = P xg V = P x, V. Furthermore, if V is of rank n, then

E =V % B/ {gas)

where the gop : Us — U — p(G) C GL(n,IR) are the transition functions. In general, we say that the
structure group of a bundle can be reduced if its structure group G is a subset of GL(n,R). In general, a
vector bundle can be reduced from GL(n,R) to some subgroup, G, if and only if we can find a system of
local trivializations such that all transition functions take their values in G.

Local Description of a Section

Suppose that a vector bundle,7 : E — B, is described as

E =V % B/ {gas)

and that o : B — E is a section. Let v, : Ejy, — Uy x R™ be the trivializing maps. We had that the
following diagram was commutative:

E|U,

N
Ua =000

Uy x R?

Use the fiber preserving properties of the maps involved to check that o4 (b) = (b, s (b)) where so : Uy —
R™. Now, o determines a collection of local sections,

{o: Uy —R"}
one for each trivializing open set.
The natural question to ask here is if given a collection of local sections, {c, : U, — R"}, one for each

trivializing open set, when does the collection determine a global section, o : B — E with oy, = 0,7 On
UoaNUg = Ugyg, we have the following commutative diagram:
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Ugp X RP Le E|Uus Lo Ugp x R7

Id 4 Id

Ua@ x R™ Ua@ Ua@ x R™

og T

Writing gse = s, ", we see that s3 = ggase. Hence, given a collection of local sections, {74 (b) =
(b, 54(b))} such that s5(b) = gaa(b)sqa(b), then they define a global section by defining o(b) = ¢5* 0 0 (b).

Example 1. Set s4(b) = 0 for all b € U,. This defines the local zero section and the collection {sq} will
glue together to define the global zero section.

Observe that the same analysis of sections for vector bundles applies to sections of principal G—bundles.
In other words, given a principal G—bundle, described by

P =[]0 x &)/{gas},

the description of a section is the same as above, but with IR” replaced by G. Now, in the relation, sg = gga$a,
the multiplication on the right hand side is group multiplication. Conversely, using a section, say o, the
transition functions can be written as ggo = sgs;'. The significance of this will become clear shortly.

A Return to Bundle Maps

Suppose that we have a bundle map,

B

with

E=([[Va % B")/{g0s)
B = ([T Ua x B™)/{gls)

Then, we have the following commutative diagram specified by the trivializations for F and E’ respectively,

E|U, h E'\Ug
o W,
Uoz x R™ Ua x R™

Yaohop Tt =hg
Frercise 1. Show that we can regard hy : Uy, — Hom(IR™, IR™). That is, we can think of & as an element of
Mat, »(IR), real n by m matrices.

The exercise says that given h, we obtain a set, {hy : Uy — Hom(R? R™)}. How are h, and hg related?
Using the transition functions from E and E’ respectively, we require that the following diagram commute:

Rn hcx Rm
7
9B 98
R” rR™
hg



Consider the special case of £ = E’. Then h is a bundle endomorphism and
ha : Uy — End(R™, R") 2 Mat,, (R)
are such that hggsa = gsaha. If his, in fact, a bundle automorphism then,

hs = gpahatszy = gpahagas
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