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New Bundles From Old Bundles IT

Given two bundles

£ = ([ Ua x B")/{gas}

and

P = (] Ve % B/ {has).
Claim. There exists a bundle Hom(E, F') such that rank = n - m and Hom(E, F), = Hom(E}, Fy).

Proof: There are two points of view.

(1) For vector spaces V and W, Hom(V, W)= W @ V*.

Fzercise 1. Show that Hom(V, W) =W @ V*.
We can define
Hom(E, F):=F @ E*

which has the properties: (i) rank nm, (ii) fiber (FQE™), = F3@FE}, and (iii) transition functions ha@®ggﬁ
(2) More directly: We can identify Hom(Z, F') by looking at its sections.

Fzercise 2. Show that s € ['(Hom(F, F)) <= s : E — F is a bundle map.
Using local trivializations, bundle maps can give local descriptions

Sq 1 Uy — Hom(R™ R™)
with
(*) sg = h@asagﬁ_al.

Question: For which bundle is (*) the description of a section?
Answer: Take principal bundles

Pp = T U < GLOM)/ {has)

and

Pg = [[ Vs x GL(1n)/{gas}-
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Define
P = Pp x Pg = [[ U« x (GL(m) x GL(n))/{hap % gap}-

Take the representation of GL(m) x GL(n) on Hom(R" R™) given by
p: GL(m) x GL(n) 2% GL(Hom(R", R™)),
that is, such that p(A, B)(U) = Ao U o B=!. Then the bundle we want is
Hom(E, F) = P xaq Hom(R" R™).
Frercise 3. Show that sections of this are given by (x).
Fzercise 4. Show that Hom(FE, F) = F* @ F!
Remark. The case E' = F' is an important special case. In this case, Hom(E, F) = End(F).
Frercise 5. Show that End(F) = Pg x aq Mat,, where
Ad :GL(n) — GL(Mat,)
Ab—>(Ul—>AoUoA_1).

Note. If we define Aut(E) to be the bundle of isomorphisms of E such that Aut(E)|, = Aut(E,), then
Aut(F) = Pg xaq GL(n) is a bundle of groups, but not quite a principal bundle (transition functions are
not quite by left action of structure group on fibers). If & is the space of sections of Aut(E), then & can be
given a group structure using fiberwise identifications Aut(Z|p) ~ GL(n). The group & is the gauge group
of F.

Kernel, Image, and Cokernel Bundles

Given a bundle map

E\;/F

Define
(Ker(f))y := Ker(fy : By — I})
(Im(f))s :=Im(fy : £y — Fy)
(Coker(f))y := Fy/(Im(f)5)
Questions:

(1) Ts Upep(Ker(f))y := Ker(f) a bundle over B?(i.e. a subbundle of E.)
(2) TIs Upep(Im(f))s := Im(f) a subbundle of F'?

(3) What about Uye p(Coker(f))p := Coker(f)?

n

Answers: In general, the answers are not YES. For example, take trivial bundles:

R” x R™ ! R" x R™
}Rn
and define f(x) =« - I,,. (It is certainly a bundle map.) Then
0, forxz#0
K s =
(Ker(£) { R™  for z = 0.

So fiber dimensions can jump!



Theorem 1. If Rank f; is constant, then Ker f, Im f, and Coker f are bundles.

Note. The proof uses “Constant Rank Theorem” for bundle maps. It amounts to showing that trivializations
for £ and F' can be chosen so on each U,,

N\I/Q
E 2 SR =RF g R?F

where R* = Ker(f,), and
Fb ~Pa R™ — ]RZ @ Rm—i’

where R® = Im(f,). Then, on U, N Up, we have the commutative diagram (w.r.t. given decompositions of

R™):

Rk@Rn_k fa RZ@Rm_Z
9B hga
Rk@Rn_k RZ@Rm_Z
fs

with
kgo Aga )
9o =
g ( 0 Cpa
_ (e Usa
hpa = ( 0 Dﬁa)
Note. {kgo} are transition functions for Ker f. Similarly for Im f and Coker f.

Ezercise 6. Using orthonormal frames (assuming £ and F' have matrices), we can assume gg, € O(n) and
kgo € O(n). Show that it follows that Ag, = 0 and IIg, = 0.
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